Abstract. The main objective of this paper is to find out the image of the maximal ideal m k = πO k of the ring O k in the finite extension of p-adic logarithmic series induced by formal group law.
introduction
Let us consider the p-adic field Q p and its finite extension k. Let O k be the ring of integer in k and m k = πO k be the maximal ideal in O k , where π is an uniformizer. Naturally, it is taken as either π = If we consider the formal group law F as one dimensional multiplicative formal group law M defined by M(X, Y ) = X + Y + XY , then the logarithmic series is called the p-adic logarithm
which sends m r to m r i.e.,
Also we have the chain: 
If in addition F (X, Y ) = F (Y, X) holds then F is called commutative. The commutativity property comes trivially as long as R has no elements that are both torsion and nilpotant.
Let F be a formal group law over a ring R. Then then the identity and inverse axiom hold, that is, F (X, 0) = X and F (0, Y ) = Y, and there is a unique power series
Next we discuss maps between formal group laws. Definition 1.2. Let F, F ′ be two formal group laws over the ring R A homomorphism φ :
If further there exists another homomorphism
then we say that F and F ′ are isomorphic over R while φ is an isomorphism over R.
Now we consider the one dimentional multiplicative formal group law M(x, y) = x + y + xy over the ring of integers
which we called as the p-adic logarithm and is defined by
Our aim is to what happens if we plug the maximal ideal m k into the p-adic logarithmic series defined above and more importantly where does the p-adic logaritm takes the maximal ideal
We have investigated the answer of this question and showed that
The outline of the paper is as follows. In section 2 we have proved the main results in two different method. In the first we have used quotient group's property, ramification concept and direct decomposition of group and in the second method we have considered Hensel's Lemma and Fermat's little theorem. Then we compared the results and verified that both the answers are same indeed. The paper ends with the conclusion.
Main Results
Consider a finite extension k of the p-adic field Q p . I have more specifically considered the
where ζ p is primitive p th root of unity.
Let π be a uniformizer and then
What is the image of the maximal ideal m k under the p-adic logarithm
The p-adic logarithm is an isometry between the additive group of elements with |x| < (
and the multiplicative group of elements of the form 1 + y with |y| < (
Given that m k is the maximal ideal of Q p (ζ p ) and further it can be shown that
Now the power series for the p-adic logarithm is defined only on 1+m k ⊂ Q p (ζ p ) and m k contains elements of exact size ( 
and in general U (n) = 1 + m n k , the n th unit group for n ≥ 1. We also denote the group of units by U (0) .
Thus we want to find the image of U (1) − U (2) under p-adic logarithm. Since we are working on not only p-adic metric space but also on a group structure, instead of considering
, rather we consider the quotient group U (1) /U (2) . So we have log p U (2) = m 2 k because from the above we have log p (1 + m 2 k ) = m 2 k . Let O k be the ring of integers defined by O k = {x ∈ k : |x| p ≤ 1} and the residual field κ k = O k /m k be the residual field of k = Q p (ζ p ).
We can express
and closed and compact in k * = (Q p (ζ p )) * with induced topology. Hence we have the following isomorphism of topological groups as follows:
(ii)
th root of unity in k and g is a generator for κ *
That is,
Now since the cyclotomic extension Q p (ζ p ) of the local field Q p is totally ramified, F p = Z p /pZ p = κ k . This shows that U (1) /U (2) ≃ F p and hence the quotient group U (1) /U (2) has order p. Now we find a system of representatives of the quotient group U (1) /U (2) . We take π = ζ p − 1 as an uniformizer. Then ζ p = 1 + π ∈ U (1) − U (2) and hence the cyclic group ζ p is a subgroup of U (1) , with ζ p ∩ U (2) = (1). This implies that
Therefore,
Let Ω p is the field, the completion of the p-adic closure of p-adic field Q p and Ω * is the group of units in Ω. Now in Ω * the kernel of the p-adic logarithm is the set of n th roots of unity ζ p and hence log p (ζ p ) = 0. Thus from equation (1), we get
Next, we will show that log
can be written as u 1 = ωu 2 , where ω is p th root of unity and u 2 ∈ U (2) . Now since log p (ω) = 0, we have log p (u 1 ) = log p (u 2 ) for all u 1 ∈ U (1) − U (2) and u 2 ∈ U (2) .
So it follows that log p (U
Next we solve the same problem in another way using the concept of Hensel' Lemma and
Fermat's little theorem given in the following theorem.
Theorem 2.2. The image of (1 + m k ) − (1 + m 2 k ) under p-adic logarithm induced by the one dimensional multiplicative formal group law is
Proof. At this step our target is to characterize the image of m k under the p-adic logarithm of the elements of (1 + m k ) − (1 + m 2 k ). We know that the elements of Q p (ζ p ) can be represented by their Hensel expansion. Then for u ∈ Q p (ζ p ), let
where π is an uniformizer of the local field field Q p (ζ p ) and β n are taken from a complete set of Hence from the definition of the above p-adic logarithm induced by one dimensional formal group law, we have the below:
Now we want to characterise those z ∈ Q p (ζ p ) such that
Hence if we choose
Thus the Cauchy sequence {x 0,n } n∈N with lim n→∞ x 0,n = x 0 exists and so we get φ(x 0 ) = 0.
Hence as discussed above, we have Next we can express the set S in the following way:
This proved the result.
This corrollary justifies both the answers obtained in two different method to be same indeed.
Conclusion
We have identified in two different ways the image of the maximal ideal m k and (1 + m k ) − (1 + m 2 k ) in the cyclotomic extension k = Q p (ζ p ) of Q p under the p-adic logarithm obtained from the one dimensional multiplicative formal group law over the ring Z p of p-adic integer.
